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Abstract

This paper considers experimental and theoretical investigations on single-phase heat transfer in micro-channels. It is
the second part of general exploration ‘‘Flow and heat transfer in micro-channels’’. The first part discussed several
aspects of flow in micro-channels, as pressure drop, transition from laminar to turbulent flow, etc. [G. Hetsroni, A.
Mosyak, E. Pogrebnyak, L.P. Yarin, Fluid flow in micro-channels, Int. J. Heat Mass Transfer 48 (2005) 1982–1998].
In this paper, the problem of heat transfer is considered in the frame of a continuum model, corresponding to small
Knudsen number. The data of heat transfer in circular, triangular, rectangular, and trapezoidal micro-channels
with hydraulic diameters ranging from 60 lm to 2000 lm are analyzed. The effects of geometry, axial heat flux due
to thermal conduction through the working fluid and channel walls, as well as the energy dissipation are discussed.
We focus on comparing experimental data, obtained by number of investigators, to conventional theory on heat
transfer. The analysis was performed on possible sources of unexpected effects reported in some experimental
investigations.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Heat transfer in straight tubes and channels was the
subject of numerous researches for the last century.
The predictions of this theory agree fairly well with
known experimental data related to heat transfer in
the conventional size straight channels [1–4]. The devel-
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opment of micro-mechanics, stimulated during the last
decades, a great interest to study flow and heat transfer
in micro-channels [5,6]. A number of theoretical and
experimental investigations devoted to this problem
were performed during 1995–2005 [7–23]. The data on
heat transfer in laminar and turbulent flows in micro-
channels with different geometry were obtained. Several
special problems related to heat transfer in micro-chan-
nels were discussed: effect of axial conduction in the wall
and viscous dissipation effect [24–29]. Comprehensive
surveys may be found in [30–37].

Comparison between experimental correlations for
the Nusselt number in micro-channels, for gas and liquid
flow, is shown in Fig. 1a and b. Considering available
ed.
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Nomenclature

Br Brinkman number
cp specific heat
d, Din inner diameter of micro-tube
Dh hydraulic diameter of micro-channel
Fcond conductive heat flux
Fconv convective heat flux
H micro-channel height
Kn Knudsen number
ks, k average height of roughness
L micro-channel length
Lh heating length
Ld length of development section
L dimensionless length of micro-channel
M conductive to convective heat flux ratio
Nu Nusselt number
Nuav average Nusselt number
Nuth theoretical value of Nusselt number
Pe Peclet number
Pr Prandtl number
q heat flux
Re Reynolds number
r0 micro-tube radius
R dimensionless distance from micro-tube axis
r radial coordinate

T temperature
T average temperature
u velocity
�u average velocity
x longitudinal coordinate
X dimensionless longitudinal coordinate

Greek symbols

d thickness of micro-tube
k thermal conductivity
l dynamic viscosity
m kinematic viscosity
h dimensionless temperature
q density

Subscripts

1 fluid
2 wall
av average
th theoretical
in inlet
2.1 ratio parameter of wall to fluid
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results about experimental researches on heat transfer,
one can conclude that there is a large scatter in the re-
sults. There are not convincing explanation of the differ-
ence between experimental and theoretical results,
obtained in laminar flow and between experimental
and semi-empirical results obtained in turbulent flow.
On the one hand, it can be interpreted as displaying
some new effects of heat transfer in flow in micro-chan-
nels [5,25–27,38]. On the other hand, the phenomenon
may be related to the discrepancy between the actual
conditions of a given experiment, and theoretical or
numerical solution obtained in the frame of conven-
tional theory [39,40]. The aim of the present study is
to address this issue.

For analysis we discuss experimental results of heat
transfer obtained by previous investigators and related
to laminar, incompressible, fluid flow in micro-channels
of different geometry: circular tubes, rectangular, trape-
zoidal and triangular channels. The basic characteristics
of experimental conditions are given in Table 1. The
studies considered in the present paper were selected to
reveal the physical basis of scale effect on convective
heat transfer and mainly confined to consideration of
laminar flows that are important for comparison with
conventional theory.
2. Experimental investigations

2.1. Heat transfer in circular tubes

2.1.1. Laminar flow

The schemes of the test sections are shown in Fig. 2.
The geometrical parameters are presented in Tables 2
and 3. Fig. 2a shows the experimental setup used by
Lelea et al. [23]. The inner diameters of smooth micro-
tubes were 125.4, 300, and 500 lm and the flow regime
was laminar with Reynolds number Re = 95–774. The
micro-tube was placed inside a vacuum chamber to elim-
inate heat loss to the ambient. It was heated by Joule
heating with an electrical power supply. Distilled water
was used and the measurements of heat transfer coeffi-
cient were performed under thermal boundary condition
of constant heat flux on the wall. In the experimental set-
up, there were two electrodes at both ends of the test
tube. The insulated parts were included in the test sec-
tion. So that, for heating length of Lh = 250, 95, and
53 mm the total length of the test sections was
L = 600, 123, and 70 mm, respectively. The experimen-
tal results have been compared both with theoretical
predictions from the literature, and the results obtained
by numerical modeling under the same thermal boundary



0.01

0.1

1

10

100

1000

1 10 100 1000 10000

Re

Nu

Celata et al. [34]
Peng & Peterson [11]
Choi et al. [49]
Nguyen et al. [63]
Hetsroni et al. [41]

1

10

100

1000

1000 10000 100000

Re

Nu

Celata et al. [34]

Peng & Peterson [11]

Nguyen et al. [63]

Adams et al. [43]

Gnielinski [44]

(a)

(b)

Fig. 1. Comparison between the experimental correlations for
the Nusselt number in micro-channels. (a) Laminar flow and (b)
turbulent flow.
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conditions at the inlet and outlet of the tube. The exper-
imental results confirm that, including the entrance ef-
fects, the conventional theories are applicable for
water flow through micro-channels, Fig. 3a.

The micro-channels utilized in engineering are fre-
quently connected with inlet and outlet manifolds. In
this case the thermal boundary condition at the inlet
and outlet of the tube is not adiabatic. Heat transfer
in micro-tube under these conditions was studied by
Table 1
Basic characteristics of micro-channels and experimental conditions

Geometry of
micro-channels

Micro-channels sizes Working

Dh [lm] Lh [mm] L/Dh

Circular 125.4–1070 53–335 72–500 Distilled
de-ionize

Rectangular 133–2000 25–325.125 13–433 De-miner
de-ionize

Trapezoidal and
triangular

62.3–168.9 30 180–500 R 134a F
Hetsroni et al. [41]. They measured heat transfer of
water flowing in a pipe of inner diameter 1.07 mm, outer
diameter 1.5 mm, and 0.600 m in length, Fig. 2b. It was
divided into two sections. The development section of
length Ld = 0.245 m was used for the flow and the ther-
mal field development. The test section of heating length
Lh = 0.335 m was used for collecting the experimental
data. DC current was supplied through the development
and test sections for direct heating. The outer tempera-
ture on the heated wall was measured by means of infra-
red radiometer. Experiments were carried out in the
range of Reynolds number Re = 10–450. The average
Nusselt number was calculated using the average tem-
perature of the inner tube wall and mean temperature
of the fluid at the inlet and outlet of the tube.

The dependence of the average Nusselt number on
the Reynolds number is presented in Fig. 3b. The Nus-
selt number increased drastically with increasing Re at
very low Reynolds numbers, 10 < Re < 100, but this in-
crease became smaller for 100 < Re < 450. Such a behav-
ior was attributed to effect of axial heat conduction
through the tube wall. Fig. 3c shows the dependence
of the relation Na/N on the Peclet number, Pe, where
Na is the power conducted axially through the tube wall,
N is total electrical power supplied to the tube. Compar-
ison between the results presented in Fig. 3b and those
presented in Fig. 3c allows one to conclude that the ef-
fect of thermal conduction through the solid wall leads
to a decrease in the Nusselt number. This effect decreases
with an increase in the Reynolds number. It should be
stressed that the heat transfer coefficient depends on
the character of the wall temperature and the bulk fluid
temperature variation along the heated tube wall. It is
well known that under certain conditions the use of
mean wall and fluid temperature to calculate the heat
transfer coefficient may lead to peculiar behavior of
the Nusselt number [1,2,42]. The experimental results
of Hetsroni et al. [41] showed that the use of heat trans-
fer model based on the assumption of constant heat flux,
and linear variation of the bulk temperature of the fluid
at low Reynolds number, yield an apparent growth of
the Nusselt number with increase in the Reynolds num-
ber, as well as underestimation of this number.
fluid Walls Re

Material Surface

water
d water

Stainless steel Smooth rough 10–2600

alized water,
d water

Silicon, copper Smooth rough 40–9000

C-84 Silicon Smooth rough 15–1450



Table 2
Smooth circular micro-channels and experimental conditions

Author Number of channels
in the test section, n

Inner diameter,
Din (lm)

Outer diameter,
Dout (lm)

Heating length,
Lh (mm)

Dimensional
length, Lh/Din

Reynolds
number, Re

Lelea et al. [23] 1 500 700 250 500
300 500 95 317 95–774
125.4 300 53 424

Hetsroni et al. [41] 1 1070 1500 335 313 10–450
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Fig. 2. Circular micro-channels (a) Din = 125.4–500 lm. Test section used by Lelea et al. [23]; 1—Adiabatic section, 2—heated section,
3—micro-channel, (b) Din = 1070 lm. Test section used by Hetsroni et al. [41]; 1—Electrical contact, 2—thermal developing section,
3—measurement section, (c) test section of rough circular micro-channel used by Kandlikar et al. [50]. Din = 1067 lm, k/Din =
0.00178–0.00281; Din = 620 lm, k/Din = 0.00161–0.00355; 1—steel tube, 2—electrical contact.
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Table 3
Rough circular micro-channels and experimental conditions

Author Number of channels
in the test section, n

Inner diameter,
Din (lm)

Relative roughness,
k/Din

Heating length,
Lh (mm)

Dimensional
length, Lh/Din

Reynolds
number, Re

Kandlikar et al. [50] 1 1067 0.00178–0.00281 76.5 72 500–2600
620 0.00161–0.00355 67 108
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Fig. 3. Experimental results for smooth circular tubes: (a)
dependence of the Nusselt number on non-dimensional axial
distance Din = 125.4, 300 and 500 lm, Re = 95–774 [23], (b) Din

1070 lm. Dependence of average Nusselt number on Reynolds
number [41], (c) Din = 1070 lm. Dependence of the relation of
the power conducted axially through the heated wall to the
power supplied to the heat section [41].

(a)

0

2

4

6

8

10

12

14

0 500 1000 1500 2000 2500 3000

Re

N
u

k/Din=0.0025

k/Din=0.00178

k/Din=0.00281

(b)

0

2

4

6

8

10

12

14

16

18

20

0 1000 2000 3000 4000

Re

N
u

k/Din=0.00161

k/Din=0.0029

k/Din=0.00355

Fig. 4. Plots of local Nusselt number for different k/Din ratios
[50]. (a) Din = 1067 lm, (b) Din = 620 lm.

5584 G. Hetsroni et al. / International Journal of Heat and Mass Transfer 48 (2005) 5580–5601
2.1.2. Turbulent flow

Adams et al. [43] investigated turbulent, single phase
forced convection of water in circular micro-channels
with diameters of 0.76 and 1.09 mm. The Nusselt num-
bers determined experimentally were higher than would
be predicted by traditional Nusselt number correlations
such as the Gnielinski correlation [44]. The data suggest
that the extent of enhancement (deviation) increases as
that channel diameter decreases. Owhaib and Palm
[45] investigated the heat transfer characteristics for
single phase forced convection of R 134 through single
circular micro-channels. The test sections consisted of
stainless steel tubes with 1.7, 1.2, and 0.8 mm inner
diameters, and 325 mm in length. The results show good
agreement between the classical correlations [46,47,44]
and the experimentally measured data in the turbulent
region. Contrary, correlations suggested for micro-chan-
nels [48,49,43] do not agree with this test. Kandlikar
et al. [50] studied experimentally the effect of surface
roughness on the heat transfer in circular tubes of dia-
meter 1.067 mm and 0.62 mm. Brief characteristics of
these experiments are given in Fig. 2c and Table 3.
The results are presented in Fig. 4a and b. The authors
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concluded that tubes above Din = 1.067 mm with rela-
tive roughness k/Di about 0.003 may be considered as
smooth tubes. However, for small diameter tubes
(Din < 0.62 mm), the same relative roughness value in-
creases the heat transfer.

2.2. Heat transfer in rectangular, trapezoidal

and triangular ducts

The schemes of the test sections are shown in Fig. 5.
The geometrical parameters are presented in Tables 4
and 5. Peng and Peterson [11] investigated experimen-
tally the single-phase forced convective heat transfer of
water in micro-channel structures with small rectangular
channels having hydraulic diameter of 0.133–0.367 mm
and distinct geometric configuration, Table 4, Fig. 5a.
The heat flux of the micro-channel structure was based
on the micro-channel plate area. The heat transfer coef-
ficient was evaluated using log-mean temperature differ-
ence. Thus, the heat transfer coefficient corresponds to
some integral value of heat flux. The dependence of
the heat transfer coefficient on the flow and the geomet-
ric parameters was presented.

Harms et al. [51] obtained experimental results for
single-phase forced convection in deep rectangular
micro-channels, Table 4, Fig. 5b. Two configurations
were tested, a single channel system and a multiple channel
system. All tests were performed with deionized water,
the Reynolds number ranged from 173 to 12,900. For
the single channel design, the experimental Nusselt num-
ber was higher than theoretically predicted for heat
transfer in laminar flow. For example, at Re = 1383
the Nusselt number was Nu = 40.9. The authors con-
clude this enhancement may be due to the effect of the
inlet bend. The results for the multiple channel design
in the range Re = 173–1188 showed an increase in Nus-
selt number with increasing Re. For example, at
Re = 173 the Nusselt number was Nu = 2.65, and at
Re = 1188 the Nusselt number was Nu = 8.41. This
deviation from theoretical prediction was attributed,
by the authors, to flow bypass in the manifold. The
authors believe that in systems with a small heater area
compared to the projected channel area, three-dimen-
sional conduction occurs. However, for multiple channel
design three-dimensional conduction also occurs when
the heater area covers the entire projected channel area.

Qu and Mudawar [52] studied both experimentally
and numerically heat transfer characteristics of a single
phase micro-channel heat sink. The heat sink was fabri-
cated of oxide-free copper and fitted with a polycarbon-
ate plastic cover plate, Fig. 5c. The heat sink consisted of
an array of rectangular micro-channels 231 lm wide and
713 lm deep, Table 4. The Reynolds number ranged
from 139 to 1672. The three-dimensional heat transfer
characteristics of the heat sink were analyzed numeri-
cally by solving the conjugate heat transfer problem.
The measured temperature distributions showed good
agreement with the corresponding numerical predictions,
Fig. 6a. These findings demonstrate that conventional
Navier–Stokes and energy equations can adequately
predict the fluid flow and heat transfer characteristics
of micro-channel heat sinks.

Warier et al. [53] conducted experiments of forced
convection in small rectangular channels using FC-84
as the test fluid. The test section consisted of five parallel
channels with hydraulic diameter of Dh = 0.75 mm and
length to diameter ratio Lh/Dh = 433.5, Fig. 5d, Table
4. The experiments were performed with uniform heat
fluxes applied at the top and bottom surfaces. The wall
heat flux was calculated using the total surface area of
the flow channels. Variation of single-phase Nusselt
number with axial distance is shown in Fig. 6b. The
numerical results presented by Kays and Crawford [2]
are also shown in Fig. 6b. The measured values agree
quite well with the numerical results.

The study of Gao et al. [18] is devoted to investiga-
tions of the flow and the associated heat transfer in mi-
cro-channels of large-span rectangular cross-section and
adjustable height in the range of 0.1–1 mm, Fig. 5e,
Table 4. The fluid used was demineralized water. The ac-
tive channel walls were two plane brass blocks of heating
length L = 62 mm, which were separated by a foil with a
hollowed out central part of width b = 25 mm. The
thickness of this foil fixed the channel height, H. A set
of foils allowed variations of the hydraulic diameter
Dh = 200–2000 lm. A typical temperature distribution
along the channel for the case of a very narrow micro-
channel (Dh = 200 lm) is shown in Fig. 6c. The local
Nusselt number, Nu(x), expressed as a function of
X = x/(DhPe) was compared with the theoretical solu-
tion of Shah and London [54]. For D = 1000 lm the re-
sults demonstrate good agreement with theoretical
solution. However, for H = 100 lm, the plot Nu(X)
shows departure from theoretical heat transfer law, the
Nusselt number is smaller than the conventional value
for large-scale channels. This trend is in agreement with
results reported by Qu et al. [16]. Fig. 6d shows the
dependence of Nuav/Nuth as a function of the channel
height, where Nuth is the theoretical value of the Nusselt
number for the same value of X. The significant reduc-
tion in the Nusselt number cannot be explained by
roughness effects. The modification of heat transfer laws
by electro kinetic effects also are to be discarded, due to
the large difference of scales between the channel height
and the double diffusive layer thickness.

An experimental investigation was conducted by Lee
et al. [55] to explore the validity of classical correlations
based on conventional-sized channels for predicting the
thermal behavior in single-phase flow through rectangu-
lar micro-channels. The micro-channels ranged in width
from 194 lm to 534 lm, with the channel depth being
nominally five times the width in each case, Fig. 5f,



Fig. 5. Rectangular micro-channels: (a) Dh = 133–367 lm. Test section used by Peng and Peterson [11]: 1—Electrical contact, 2—
heated stainless steel block, 3—micro-channel, 4—cover plate. (b) Dh = 404–1923 lm. Test section used by Harms et al. [51]: 1—Silicon
wafer, 2—micro-channel, 3—heater, 4—cover plate. (c) Dh = 348 lm. Test section used by Qu and Mudawar [52]: 1—Copper block,
2—micro-channel, 3—heater, 4—cover plate. (d) Dh = 750 lm. Test section used by Warrier et al. [53]: 1—Upper aluminum plate, 2—
down aluminum plate, 3—micro-channel, 4—heater. (e) Dh = 200–2000 lm. Test section used by Gao et al. [18]: 1—Brass block, 2—
micro-channel, 3—heater. (f) Thermally developing flow in rectangular micro-channel, Lee et al. [55]: 1—Cover plate, 2—micro-
channel, 3—copper block, 4—heater.
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Table 4
Rectangular micro-channels

Author Number of
channels in the
test section, n

Width,
W (lm)

Height,
H (lm)

Distance
between
channels,
Wc (lm)

Heating
length,
Lh (mm)

Hydraulic
diameter,
Dh (lm)

Dimensional
length,
Lh/Dh

Reynolds
number, Re

Peng and
Peterson [11]

Not reported 100–400 200–300 2000 45 133–367 123–338 90–9000
4500

Harms et al. [51] 1 25,000 1000 – 25 1923 13 173–12,900
68 251 1030 370 404 62

Qu and Mudawar [52] 21 231 713 467 44.764 348 129 139–1672
Warrier et al. [53] 5 325.125 750 433.5 557–1552
Gao et al. [18] 1 25,000 100–1000 62 200–2000 31–310 40–8000
Lee et al. [55] 10 194–534 884–2910 25.4 318–903 28–80 300–3500
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Table 4. Each test piece was made of copper and con-
tained ten micro-channels in parallel. The experiments
were conducted with deionized water, with the Reynolds
number ranging from approximately 300 to 3500. The
tests were carried out either at hydrodynamically devel-
oped but thermally developing (TD) or a simultaneously
developing (SD) regime. The average heat transfer coef-
ficient was determined by using the area available for
convection of channels, average temperature of the
channel wall and mean fluid temperature at the inlet
and outlet of the micro-channels. In Fig. 6e, the numer-
ical calculations that did not include the conduction in
the substrate are compared with experimental results.

Qu et al. [16] carried out experiments on heat transfer
for water flow at 100 < Re < 1450 in trapezoidal silicon
micro-channels, with a hydraulic diameter ranging from
62.3 to 168.9 lm. The dimensions are presented in Table
5 where Wt and Wb is the upper and lower basis of the
trapezoidal channel, H is the height of the channel. A
numerical analysis was also carried out by solving a con-
jugate heat transfer problem involving simultaneous
determination of the temperature field in both the solid
and fluid regions. It was found that experimentally
determined Nusselt number in micro-channels is lower
than that predicted by numerical analysis. A rough-
ness-viscosity model was applied to interpret the exper-
imental results.

Wu and Cheng [20] investigated laminar convective
heat transfer of water in a single trapezoidal silicon
micro-channel. They used a set of 13 micro-channels
having different dimensions and different relative rough-
ness. The geometrical parameters of micro-channels are
presented in Table 5. The silicon chip was anodically
bonded with a thin Pyrex glass plate from the top.
Fig. 7a shows the effect of surface roughness on the
Nusselt number. One can see that at the same Reynolds
numbers the Nusselt number increases with increasing
relative surface roughness. The laminar convective heat
transfer showed two different characteristics at low and
high Reynolds number ranges. Fig. 7b shows effect of
geometric parameters on the Nusselt number. From
Fig. 7b, it can be observed that for very low Reynolds
number flow, Re = 0–100, the Nusselt number increased
acutely with the increase in the Reynolds number. How-
ever, the increase in the Nusselt number after Re = 100
is gentle with the increase in the Reynolds number.
3. Effect of viscous energy dissipation

Under some conditions, the heat released due to vis-
cous dissipation leads to drastic change of flow and tem-
perature field, in particular, it leads to flow instability,
transition to turbulence hydrodynamic thermal explo-
sion, oscillatory motions, etc. [56–58]. This problem
was also discussed by Tso and Mahulikar [25–27]. To re-
veal the effect of viscous dissipation, the experimental
data by Wang and Peng [9] and Tso and Mahulikar
[27] were used. Experiments were performed using water
flow in micro-channel specimens, the experimental data
in laminar flow regime were found to correlate well with
the Brinkman number. As a result, a semi-empirical
equation for the Nusselt number was suggested and
the dependence of Nu/Re0.62Pr0.33 on the Brinkman
number, Br, was demonstrated. However, most of the
data used for the correlation with Br were obtained
under conditions, in which the Reynolds number and
the Prandtl number also varied, so that it was difficult
to distinguish the effect of the Brinkman number from
effects of the Reynolds number and the Prandtl number.
So, at 0.4559 · 10�5 6 Br 6 2.8333 · 10�5 the Reynolds
number and the Prandtl number change in the ranges of
80 6 Re 6 107, 4.80 6 Pr 6 6.71 (Table 1 presented by
Tso and Mahulikar [25]). To estimate the real effect of
viscous dissipation on heat transfer it is necessary to
determine the dependence of the Nusselt number on
the Brinkman number at fixed values of the Reynolds
and the Prandtl numbers. Such a presentation of the
data reported by Tso and Mahulikar [25] is shown in
Table 6. It is seen that the effect of the Brinkman number
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on the Nusselt number is negligible. The same conclu-
sion may be derived also from experiments performed
by Tso and Mahulikar [27]. According to their measure-
ments, Table 7, the variation of the Brinkman number
from 1.1195 · 10�8 to 2.3048 · 10�8 did not affect the
Nusselt number, when the Reynolds and the Prandtl
numbers did not change significantly. It should be
stressed that the effect of the viscous dissipation on heat
transfer in micro-channels at extremely small values of
the Brinkman numbers (Br � 10�8–10�5) is non-realistic
from the physical point of view. The Brinkman number,
Br = lU2/kDT, is the ratio of the heat production due to
viscous forces, to heat transferred from the wall to the
fluid. At small Br the contribution of the heat released
due to viscous forces is negligible, consequently the effect
on the heat transfer is also negligible. It should be also
noted that evaluation of the role of the Brinkman num-
ber performed by Tso and Mahulikar [25–27] was based
on the experiments that were carried out under some
specific conditions (the heat transfer characteristics were
found to be affected by the channel geometry, axial heat
conduction through the channels walls, liquid velocity
and temperature, etc.). Some aspects of this problem
were discussed by Herwig and Hausner [40] and
Gad-el-Hak [38].

The effect of viscous heating was investigated by
Tunc and Bayazitoglu [28] when the fluid was heated
(Tin < Tw) or cooled (Tin > Tw). In the range of the
Knudsen numbers 0 < Kn < 0.12 the Nusselt number de-
creased as the Knudsen number increased. The viscous
dissipation significantly affected heat transfer. The
authors showed that the decrease was greater when vis-
cous dissipation occurred. The effect of viscous dissipa-
tion on the temperature field was investigated by Koo
and Kleinstreuer [29] for three working fluids: water,
methanol and iso-propanol. Channel size, the Reynolds
number and the Prandtl number are the key factors
which determine the impact of viscous dissipation. Vis-
cous dissipation effects may be very important for fluids
with low specific heats and high viscosities, even in rela-
tively low Reynolds number flows. For water the relative
magnitude of the ratio, A, of convective heat transfer to
dissipation term is given in Table 8.

Experimental and numerical analysis were performed
on the heat transfer characteristics of water flowing
through triangular silicon micro-channels with hydraulic
diameter of 160 lm in the range of Reynolds number
Re = 3.2–84 [59]. It was shown that dissipation effects
can be neglected and the heat transfer may be described
by conventional Navier–Stokes and energy equations as
a common basis. Experiments carried out by Hetsroni
et al. [41] in a pipe of inner diameter of 1.07 mm also
did not show effect of the Brinkman number on the
Nusselt number in the range Re = 10–100.

Hetsroni et al. [60] evaluated the effect of inlet
temperature, channel size and fluid properties on energy
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dissipation in the flow of viscous fluid. For fully devel-
oped laminar flow in circular micro-channels, they ob-
tained an equation for the adiabatic increase of the
fluid temperature due to viscous dissipation:

DT
T in

¼ 2
m2

r20

L
r0

� �
Re

cpT in

ð1Þ

For an incompressible fluid, the density variation with
temperature is negligible compared to the viscosity var-
iation. Hence, the viscosity variation is a function of
temperature only and can be a cause of radical transfor-
mation of flow and transition from stable flow to oscil-
latory regime. The critical Reynolds number depends
significantly also on the specific heat, Prandtl number
and micro-channel radius. For flow of high viscous flu-
ids in micro-channels of r0 < 10�5 m the critical Rey-
nolds umber is less than 2300. In this case the
oscillatory regime occurs at values of Reynolds number
Re < 2300.

We estimate the values of the Brinkman number, at
which the viscous dissipation becomes important:
assuming that the physical properties of the fluid are
constant, the energy equation for fully developed flow
in circular tube at Tw = const is
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Table 6
Experimental data in the laminar regime presented by Tso and
Mahulikar [25] at approximately fixed values of the Reynolds
and the Prandtl numbers

Br · 105 Re Pr Nu

0.4559 107 4.80 0.35
1.4541 124 4.82 0.37
2.8333 80 6.71 0.46
4.4115 93 6.62 0.49

Table 7
Experimental data in the laminar regime obtained by Tso and
Mahulikar [27] at approximately fixed values of the Reynolds
and the Prandtl numbers

Br · 108 Re Pr Nu

1.1195 17.5 3.50 0.3031
2.3048 22.4 3.82 0.3068

Table 8
Ratio, A, of convective heat transfer to dissipation term in
tubes

Tube radius R0, m Re = 20A Re = 200A Re = 2000A

10�3 3.45 · 104 3.45 · 103 3.45 · 102

10�4 3.45 · 102 3.45 · 101 3.45 · 100

10�5 3.45 · 100 3.45 · 10�1 3.45 · 10�2
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qucp
oT
ox

¼ 1

r
o
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kr

oT
or

� �
þ l

ou
or

� �2

ð2Þ

where q, l and k are the density, viscosity and thermal
conductivity, respectively, and cp is the specific heat, u
is the actual velocity.

The actual velocity, u, may be expressed as

u ¼ 2�uð1� R2Þ ð3Þ

where �u ¼ 1
r2
0

R r0
0
urdr is the average velocity, R ¼ r

r0
, r0 is

the micro-channel radius.

Rewriting Eq. (2) in divergent form and integrating it
we obtain:

2
R r0
0

o
ox fqucpðT � T wÞgrdr

kðT � T wÞ
¼ �Nu	 8Br ð4Þ

where T is the average fluid temperature, Tw is the wall

temperature, Nu ¼ � kðoT
orÞr¼r0

d

kðT�TwÞ
is the Nusselt number,

Br ¼ lu2

kjT�Tw j
is the Brinkman number. The minus or plus

sign in front of the last term in Eq. (4) corresponds to
cooling of fluid when T 0 > T w or its heating T 0 < T w,
respectively, T 0 is the average fluid temperature at the
inlet of the micro-channel.

To estimate the value of the term in the left hand side
of Eq. (4) we use an approximate expression for the local
and average fluid temperature in the tube. We use as the
first approach the expressions of T(x, r) and T ðxÞ that
correspond to negligible viscous dissipation. For
Tw = const they are:

T � T w ¼ ðT 0 � T wÞ
X1
n¼0

AnunðRÞ exp �2e2n
1

Pe
x
d

� �
ð5Þ

T � T w ¼ 8ðT 0 � T wÞ
X1
n¼1

Bn

e2n
exp �2e2n

1

Pe
x
d

� �
ð6Þ

where Pe ¼ �ud=a is the Peclet number, a is the thermal
diffusivity, en and An, Bn are the known eigenfunctions
and constants [1].

For large values of dimensionless axial distance,
X ¼ 1

Pe
x
d the following relations were obtained from

Eqs. (4)–(6):

T � T w ¼ ðT 0 � T wÞA0u0ðRÞ exp �2e20
1

Pe
x
d

� �
ð7Þ

T � T w ¼ 8ðT 0 � T wÞ
B0
e20

exp �2e20
1

Pe
x
d

� �
ð8Þ

and

�2
d
dx

R r0
0

qucpTrdr

kðT � T wÞ
¼ 1

4
e40
A0

B0

Z 1

0

ð1� R2Þu0ðRÞRdR ð9Þ

Substitution of the values of e0A0, B0, as well as the
expression for u0(R) in the right hand side of Eq. (9)
gives:

1

4
e40
A0
B0

Z 1

0

ð1� R2Þu0ðRÞRdR ¼ 3:64 ¼ Nu0 ð10Þ
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where Nu0 is the Nusselt number that corresponds to
negligible viscous dissipation.

Eq. (4) is rewritten as

Nu ¼ Nu0 	 8Br ð11Þ

where sign plus and minus correspond to the cooling
T 0 > T w or heating T 0 < T w regimes, respectively.

Eq. (11) indicates the effect of viscous dissipation on
heat transfer in micro-channels. In the case when the
inlet fluid temperature, T0, exceeds the wall temperature
viscous dissipation leads to an increase in the Nusselt
number. In contrast to that, when T 0 < T w, viscous
dissipation leads to a decrease in the temperature gradi-
ent on the wall. Eq. (11) corresponds to relatively small
amount of heat released due to viscous dissipation.
Taking this into account, we estimate the lower bound-
ary of the Brinkman number at which the effect of vis-
cous dissipation may be observed experimentally.
Assuming that Nu�Nu0

Nu0
P 10�2 the following evaluation

of the Brinkman number was obtained: Br P 5 Æ 10�3.
This estimation shows that the conclusions of Tso and
Mahulicar [25–27] cannot be derived from experiments
performed at extremely low Brinkman numbers (Br �
10�8–10�5).

It should be emphasized that under conditions of
energy dissipation the definition of the heat transfer
coefficient as k oT

or

� �
r¼r0

=ðT � T wÞ, where T is the fluid
temperature, Tw is the wall temperature, does not char-
acterize the intensity of the heat transferred [2,4].

There are two factors that determine the temperature
distribution of the fluid: (i) convective heat transfer, (ii)
heat released due to viscous dissipation. For cooling re-
gime when the fluid temperature at the inlet T0 > Tw
convective heat transfer from the fluid to the wall leads
to a decrease in the fluid temperature along relatively
small dimensionless distance X. The heat released due
to viscous dissipation causes an increase in the fluid tem-
perature. The contribution of each component to the
behavior of the fluid temperature depends on X. At
small X the dominant role plays convective heat transfer
whereas at large X, the effect of viscous dissipation be-
comes significant. Superposition of these two factors
determines the specific shape of the temperature distri-
bution along the micro-channel: the fluid temperature
variation along micro-channel has a minimum. Note-
worthy, that under condition of viscous dissipation the
fluid temperature does not reach the wall temperature
at any value of X.

For heating regime at small X, the heat from the wall
to the cold fluid and the heat released due to viscous dis-
sipation lead to increase in fluid temperature. At some
value of X the fluid temperature may exceed the wall
temperature, Fig. 8a. The difference T � Tw decreases
up to the inversion point X = Xinv. That leads to physi-
cally unrealistic results as infinite growth of the Nusselt
number in the vicinity of the inversion point. The anal-
ysis of the behavior of the fluid temperature and the
Nusselt number performed for circular tube at thermal
wall boundary condition Tw = const reflects also general
features of heat transfer in micro-channels of other
geometry.
4. Axial conduction

4.1. Axial conduction in the fluid

This problem was the subject of a number of theoret-
ical investigations carried out for conventional size
channels [1,21,61–63]. We consider the effect of axial
conduction in the fluid on heat transfer in micro-chan-
nels. The energy equation was used for the flow of
incompressible fluid with constant physical properties.
Assuming that the energy dissipation is negligible:

qucp
oT
ox

¼ k
1

r
o

or
r
oT
or

� �
þ o2T

ox2

� 	
ð12Þ

where x and r are the longitudinal and radial coordi-
nates, q, cp and k are the density, specific heat and ther-
mal conductivity of the fluid, respectively.

For q = const (q is the heat flux on the wall), we
introduce new variable

~u ¼ u
um

; R ¼ r
r0
; X ¼ 2

Pe
x
d
; h ¼ T � T 0

qd
k

� � ð13Þ

where Pe ¼ �ud
a , ~u ¼ ð1� R2Þ, d = 2r0, um and �u ¼ um=2

are the axial and average velocities, respectively, T0 is
the fluid temperature at the entrance of the heating sec-
tion, a is the thermal diffusivity.

The dimensionless form of Eq. (12) is

~u
oh
oX

¼ 1

R
o

oR
R
oh
oR

� �
þ 1

Pe2
o2h

oX 2
ð14Þ

Transferring Eq. (14) to divergent form and integrating
this equation through the micro-channel cross-section
we obtain:

o

oX

Z 1

0

~uhRdR
� �

¼ R
oh
oR

� �




1

0

þ 1

Pe2
o2

oX 2

Z 1

0

hRdR
� �

ð15Þ

Assuming that the exit of the micro-channel is connected
to an adiabatic section the boundary conditions are:

X ¼ 0; h¼ 0; X > 0
R¼ 0;

oh
oR

¼ 0

R¼ 1;
oh
oR

¼ 1

2

8>><
>>: ; X ¼X �;

oh
oX

¼ 0

ð16Þ

where X* corresponds to the micro-channel exit.



Fig. 8. Temperature distribution and heat transfer in micro-channels: (a) temperature distribution (1) and (2) T 0 > T w, (3) and (4)
T 0 < T w line –Æ–Æ–Æ corresponds to temperature distribution at X = 0; arrow shows the direction of the increase of X. (b) Numerical
calculations of the dependences Nu(X); 1. Pe = 1, 2. Pe = 2.5, 3. Pe = 10, 4. Pe = 45, Petukhov [1, p. 200, Fig. 10.7].
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Taking into account conditions (16) we obtain from
(15):

d

dX

Z 1

0

~uhRdR
� �

¼ 1

2
þ 1

Pe2
d2�h

dX 2
ð17Þ

where �h ¼
R 1

0
hRdR is the average temperature.

Assuming that h is a weak function of R and h 
 �h we
can estimate:Z 1

0

~uhRdR 

�h
4

ð18Þ
Then Eq. (17) is

o2�h

oX 2
� 1

4
Pe2

o�h
oX

þ 1

2
Pe2 ¼ 0 ð19Þ

The solution of the Eq. (19) is

�h ¼ C1 þ C2 exp
Pe2

4
X

� �
þ 2X ð20Þ

where C1 and C2 are constants.
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Using the first and third conditions (16) we find:

C1 ¼ C2; C2 ¼ � 2

ðPe2=4Þ
exp � Pe2

4
X �

� �
ð21Þ

The effect of axial conduction on heat transfer in the
fluid in micro-channel can be characterized by dimen-
sionless parameter

M ¼ jF condj
jF convj

ð22Þ

that expresses the correlation between heat fluxes due
to conduction and convention. In Eq. (22) F conv ¼
q�ucpðT � T 0Þ, F cond ¼ k dT

dx. Substitution of the expres-

sion for variable �h and o�h
oX in relation (22) gives:

M ¼ 1

4

1� expðv � v�Þ
v � expðv � v�Þ þ expð�v�Þ

ð23Þ

where v ¼ Pe2X
4
, v� ¼ Pe2X �

4
.

The limiting cases are:

ðiÞ v � 1; v� � 1

ðiiÞ v � v� � 1
a: v� � 1

b: v� � 1

(

which corresponds to heat transfer at cooling inlet and
heat transfer in the vicinity of the adiabatic outlet,
respectively. In the first case we obtain the following
evaluation of parameter M:

M ¼ 1

4

1

v
� 1 ð24Þ

It shows that close to the micro-channel inlet, heat
losses to the cooling inlet due to axial conduction in
the fluid are dominant. In the second case parameter
M is

a: long micro-channel M ¼ v� � v
v� � 1

� 1 ð25Þ

b: short micro-channel M ¼ v� � v
v�

� 1 ð26Þ

In this region of flow parameter,M decreases when v in-
creases (i.e. growth of the Peclet number). Accordingly
the Nusselt number decreases with growth of the Peclet
number and approaches to its limiting value Nu1 that
corresponding to Pe ! 1.

The existence of heat transfer due to axial conduction
in the fluid leads to increasing difference between wall-
fluid temperature and decreasing value of the Nusselt
number within the entrance section as compared to
Nu1. These effects are illustrated in Fig. 8b. It is possible
to estimate the critical value of the parameter M that
subdivided the states at which the effect of axial conduc-
tion dominates (M >Mcr) or it is negligible (M <Mcr).
According to the data of Petukhov [1], the critical value
of parameter M is Mcr ’ 0.01. In line with these results
we obtain the following evaluation of the length where
the effect of axial conduction in the fluid should be taken
into consideration: x

r0
Pe 6 20.

4.2. Axial conduction in the wall

This problem was considered by Petukhov [1]. The
parameter used to characterize the effect of axial con-

duction is: P ¼ 1� d2
2

d21

� �
k2
k1
. The numerical calculations

performed for q = const and neglecting the thermal wall
resistance in radial direction, showed that axial thermal
conduction in the wall does not affect the Nusselt num-
ber, Nu1. Davis and Gill [64] considered the problem of
axial conduction in the wall with reference to laminar
flow between parallel plates with finite conductivity. It
was found that Peclet number, ratio of thickness of the
plates to their length, d2/L, as well as the ratio of param-
eter k2

L =
k1
d1
are an important dimensionless groups that

determine the process of heat transfer.
The effect of axial conduction in the wall on the heat

transfer in micro-channels was recently investigated by
Maranzana et al. [24] and Tiselj et al. [59]. In the first
study the thermal structure of laminar flow between par-
allel plates was investigated. In the second one, heat
transfer characteristics of water flowing through trian-
gular silicon micro-channel were analyzed. For physical
interpretation the effects due to axial conduction in the
wall Maranzana et al. [24] introduced ‘‘axial conduction
number’’,M, defined as the ratio of conductive heat flux
to convective one. Numerical calculations by Maranz-
ana et al. [24] showed that the effect of axial conduction
in the wall are significant when parameter M > 10�2.
According to Tiselj et al. [59] axial conduction in the
wall affects significantly the longitudinal fluid and wall
temperature distribution and longitudinal distribution
of the normal and axial heat flux. We discuss these re-
sults in Section 5.

4.3. Combined axial conduction in the fluid

and in the wall

The energy equations for the fluid and the solid wall
are [1,65]:

o~uh1
oX

¼ 1

R
o

oR
R
oh1
oR

� �
þ 1

Pe2
o
2h1
oX 2

ð27Þ

1

R
o

oR
R
oh2
oR

� �
þ 1

Pe2
o2h

oX 2
¼ 0 ð28Þ

where hi ¼ ðT i � T 0Þ=ðqd1ki
Þ, i = 1,2 for the fluid and wall,

respectively.
Integration of Eqs. (27), (28) through the cross-sec-

tion of the micro-channel gives:
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The sum of Eqs. (29) and (30) is
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Taking into account that

�h1 ¼
Z 1
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h1RdR; �h2 ¼ ðR2� � 1Þ�1
Z R�

1

h2RdR ð33Þ

we obtain:
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Assuming that d2�h1
dX 2 
 d2�h2

dX 2 the following equation for
average fluid temperature was obtained:

d2�h1
dX 2

� Pe2
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Pe2
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The longitudinal fluid temperature distribution is

�h1 ¼ C1 þ C2 exp
Pe2

4R2�
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þ 2

k1
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X ð36Þ

where C1 = �C2; C2 ¼ � 2ðk1=k2Þ
ðPe2=4R2�Þ

exp Pe2X �
4R2�

� �
and the

parameter M is

M ¼ 1

4

1� expð~v � ~v�Þ
ðk1=k2Þ~v � expð~v � ~v�Þ þ expð�~v�Þ

ð37Þ

where ~v ¼ Pe2X
4R2�

, ~v� ¼ Pe2X �
4R2�

.

For the limiting cases ~v � 1 and ~v� � 1 we obtain
the following estimation:

M ¼ 1

4k1;2

1

~v
¼ K
4v

ð38Þ
where K ¼ k2
k1

r2
r1

� �2
. For conditions corresponding to

flow in micro-channels, the factor is K � 1. For example
K equals 25 and 250 for water flows in micro-channels of
r2/r1 = 1.1 made of stainless steel and silicon walls,
respectively. That shows that conduction in the wall
has significant effect on the heat transfer in micro-chan-
nels. It can be an important factor that leads to changing
heat transfer coefficient.
5. The features of micro-channel heat sinks

5.1. Three-dimensional heat transfer in micro-channel

heat sinks

The cooling systems fabricated from large number of
rectangular [52,66,67] triangular [59] or circular [68]
micro-channels were investigated both theoretically
and experimentally. The micro-channel heat sinks are
highly complicated systems with non-uniform distribu-
tion of thermal characteristics. The existence of non-uni-
form temperature field in the liquid and solid substrate
leads to non-uniform distribution of heat fluxes in the
streamwise and spanwise direction. Qu and Mudawar
[52] carried out calculations at Re = 140, 700, 1400 for
heat sink that consists of a 1 cm2 silicon wafer. The
micro-channels had a width of 57 lm, and a depth of
180 lm, and were separated by a 43 lm wall. The major
approximations introduced in the classical fin analysis
method for micro-channel heat sinks operating in the
laminar flow regime are summarized and assessed based
on numerical results. The numerical results of this study
revealed that classical fin method can only provide a
qualitatively correct picture of the heat transport in a
micro-channel heat sink.

Numerical results of heat transfer inside four 1 cm2

heat sinks for number of channels 150 and 200 were pre-
sented by Toh et al. [66]. The calculation predicted the
local thermal resistance very well. The micro-heat sink
modeled in numerical investigation by Li et al. [67] con-
sisted of a 10 mm long silicon substrate. The rectangular
micro-channels had a width of 57 lm, and a depth of
180 lm. The heat transfer calculations were performed
for Reynolds numbers 144, 77 and 42. The longitudinal
heat conduction along the silicon wafer at different Rey-
nolds number is different. In reality, because it is difficult
to achieve an adiabatic boundary at the inlet and outlet
of the heat sink as assumed in the numerical model, a
significant portion of the heat is transferred to the inlet
and outlet manifolds, especially for low fluid flow condi-
tions. Thus, when evaluating the heat transfer in micro-
heat sinks with low fluid flow rates, particular attention
should be paid to the effects of heat conduction through
the wafer.

Kroeker et al. [68] investigated thermal characteris-
tics of heat sinks with circular micro-channels using



Fig. 9. Effect of axial conduction. Calculation models. (a) Channel between two parallel plates, Maranzana et al. [24]: 1—Cover plate,
2—micro-channel, 3—silicon block 1, 4—silicon block 0, 5—heater. (b) Calculation model of triangular micro-channels heat sink,
Tiselj et al. [59]: 1—Cover plate, 2—micro-channel, 3—silicon wafer, 4—heater.
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the continuum model based on the conventional Navier–
Stokes equations and the energy conservation equation.
Developing flow (both hydrodynamic and thermal) was
assumed in the flow region and three-dimensional conju-
gate heat transfer was assumed in the solid region. At
the inlet and at the exit of the solid (copper or silicon)
adiabatic boundary conditions were imposed. The calcu-
lations of local Nusselt number performed at Re = 500
and Re = 1000 follow closely the classical solution re-
ported by Shah and London [54] for forced convection
in tubes with constant wall temperature.

One particular characteristic of conductive heat
transfer in micro-channel heat sinks is the strong three
dimensional character of the phenomenon. The lower
the hydraulic diameter is, the more important the cou-
pling between wall and bulk fluid temperatures becomes
because the heat transfer coefficient reaches large values.
Even though the thermal wall boundary conditions at
the inlet and outlet of the solid wall are adiabatic, for
small Reynolds numbers the heat flux can become
strongly non-uniform: most of the flux is transferred
to the fluid flow at the entrance of the micro-channel.
Maranzana et al. [24] analyzed this type of problem
and proposed the model of channel flow heat transfer
between parallel plates. The geometry shown in Fig. 9a
corresponds to a flow between parallel plates, the uni-
form heat flux is imposed on the upper face of block
1; the lower face of block 0 and the side faces of both
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Fig. 10. Effect of axial conduction. Channel between two
parallel plates. Numerical simulation. Maranzana et al. [24]: (a)
interface temperature, (b) interface heat flux, (c) the Nusselt
numbers.

Fig. 11. Effect of axial conduction. Triangular micro-channels.
_m ¼ 0:0356 g/s. Tiselj et al. [59]. (a) Average water and silicon
temperature distributions. N = 8.424 W. (b) Wall normal heat
flux distribution in the silicon chip. 3–1 N = 2.816 W, 3–2
N = 5.676 W, 3–3 N = 8.424 W. (c) Axial distribution of the
Nusselt number in the chip. 3–1 N = 2.816 W, 3–2
N = 5.676 W, 3–3 N = 8.424 W.
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blocks are adiabatic. The two 10 mm long and 500 lm
thick blocks are made of silicon, water flows in the
100 lm thick channel. Fig. 10a–c shows interface tem-
perature, interface heat flux and the Nusselt number.
The lower the Reynolds number is the larger the axial
conduction effects become.

The numerical and experimental study of Tiselj et al.
[59] was focused on effect of axial heat conduction
through silicon wafer on heat transfer in the range of
Re = 3.2–84. Compared to the case discussed by
Maranzana et al. [24] the thermal wall boundary condi-
tions at the inlet and outlet of the solid wall are not adi-
abatic. The heat sink was fabricated of a square-shape
silicon substrate 15 · 15 mm2, 530 lm thick. In the sili-
con substrate, 17 parallel micro-channels were etched.
The cross-section of each channel was an isosceles
triangle with a base of 310 lm, the length of the micro-
channels was L = 15 mm, the heating length was Lh =
10 mm. The angles at the base were 55�, the hydraulic
diameter was Dh = 160 lm. The experimental results
were used for numerical calculation. The calculation
model is presented in Fig. 9b.
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The bulk water temperature and wall temperature on
the inner heated wall of the triangular channel is shown
in Fig. 11a. Both temperatures did not change linearly
along the longitudinal direction. In fact, a linear temper-
ature rise cannot be regarded as a good approximation
for both temperatures. When axial heat flux is directed
to both the inlet and the outlet manifolds the water
and heated surface temperatures did not change monot-
onously. The longitudinal distributions of the silicon-
fluid wall normal cross-section heat fluxes are presented
in Fig. 11b. The heat fluxes are taken to be positive if
they are directed from the solid to the fluid, and nega-
tive, otherwise. The direction and the magnitude of the
negative heat flux depend on relation between the two
thermal resistances: the first defines the heat transport
from the wall through the boundary layer to the fluid
core, and the second one quantifies the possibility of
heat transport through silicon wafer. The importance
of the second alternative pathway for the heat transfer
can be truly appreciated only in three-dimensional con-
jugate heat transfer problem. The thermal wall bound-
ary conditions have a dominant role in such a
problem. Numerical predictions of the local Nusselt
number variation in the streamwise direction are plotted
in Fig. 11c. As indicated by Incropera and De Witt [69]
the thermal entry length of a circular tube is

Lth ¼ 0:05Pe � d ð39Þ

In the study [59] the thermal entry length was 0.13 and
3.3 mm for Re = 3.2 and 84, respectively.
5.2. Entrance effects

The entrance effects in a single channels were well
studied [1–4,7,67]. We restrict our discussion to effect
of the inlet and the outlet manifold on the flow and
the temperature distributions between the parallel
micro-channels. Hetsroni et al. [70], Klein et al. [71]
observed an uneven liquid distribution in the parallel mi-
cro-channels. Depending on particular manifold design,
the difference between the flow rate into some parallel
micro-channels ranged up to about 20%. Furthermore,
due to relative high thermal conductivity of the mani-
folds, fluid pre-warming occurred in the inlet manifold
and additional warming occurred in the outlet mani-
fold. The behavior of the Nusselt number depends, at
least partly, on the entrance effects, which may be
important in the laminar regime. The problem was also
studied by Gamrat et al. [7]. Idealizing the flow rate as
uniform can result in a significant error in prediction
of temperature distribution of the heated electronic de-
vice. Lee et al. [55] showed that the entrance and bound-
ary conditions imposed in the experiment need to be
carefully matched in the predictive approaches. In his
case numerical predictions based on a classical, contin-
uum approach were in good agreement with the experi-
mental data.

5.3. Characteristic parameters

Two definitions were considered by Qu and Muda-
war [72] for heat flux to the heat sink. The first is an
‘‘effective’’ heat flux defined as the total electrical power
input divided by the top area of the heat sink. The sec-
ond definition is a mean heat flux averaged over the
micro-channel heated inside area. We determined heat
flux as the power calculated from the energy balance based
on fluid temperature at the inlet and outlet manifolds,
divided by the heated area of the micro-channel side
walls [59]. Often special effects are proposed to explain
unexpected experimental results, great care has to be
paid for inversion of the temperature measurements. A
common assumption often made [9–11] is to consider
the wall heat flux to be uniform along the channels.
However, according to Figs. 10b and 11b wall heat flux
was far from uniform. As shown in Figs. 6c, 10a and 11a
the bulk temperature of the fluid did not vary linearly
[18]. This effect is especially important when theM num-
ber is large. For example, Maranzana et al. [24] utilized
exact modeling of heat conduction in the wall. The cor-
responding simulated estimation of the convective heat
transfer coefficient at M = 0.32 was equal to 25,905
W/m2 K. By comparison the one-dimensional model,
assuming that the bulk temperature is linear, yields a
mean convective heat transfer coefficient of 6100
W/m2 K. Axial conduction can be neglected as soon
the M number gets lower than 0.01.

5.4. Effect of wall roughness

The roughness leads to increasing friction factor at
the same Reynolds number. The existence of roughness
leads also to decreasing the value of the critical Reynolds
number, at which occurs transition from laminar to tur-
bulent flow. We suggested a following estimate of the rel-
ative roughness, corresponding to the hydrodynamic
boundary that subdivides the flow in smooth and rough
channels [60] ks/r < 5/1.41Re0.5, where ks if the height of
roughness, r is the channel hydraulic radius, Re is the
Reynolds number. For Re � 2000, the relative roughness
that corresponds to the boundary between the smooth
and roughness channels is about 0.08. Turner et al. [73]
concluded that micro-channel surfaces with relative sur-
face roughness of 0.06 did not cause any statistical
change in the friction factor for laminar flow. The effect
of surface roughness on heat transfer depends on the Pra-
ndtl number. Kandlikar et al. [50] reported that for
1067 lm diameter tube, the effect of relative roughness
about 0.003 on heat transfer in water flow was insignifi-
cant. For 620 lm this relative roughness increases the
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heat transfer. New experiments should be performed to
clarify the effect of wall roughness on heat transfer.

5.5. Interfacial effects

Turner et al. [74] reported that for the Knudsen num-
ber Kn < 0.04 (ratio of mean free path to channel
hydraulic diameter) the continuum based equations
can be used for flow in micro-channels. Because the
micro-devices have a large surface to volume ratio, factors
related to surface effects have more impact to the flow at
small scales. Among these are the surface electrostatic
charges. If the liquid contains even very small amounts
of ions, the electrostatic charges on the solid surface will
attract the counter ions in the fluid to establish an elec-
trical field. The arrangement of the electrostatic charges
on the solid surface and the balancing charges in the li-
quid is called the electrical double layer (EDL). Mala
et al. [75], Yang and Li [76] Ren et al. [77] reported
numerical and experimental results for the EDL effect
with different liquids. They found that the EDL effect
led to higher friction coefficient for pure water and dilute
solutions. No results for heat transfer were presented.

5.6. Effect of measurement accuracy

In experiments of flow and heat transfer in micro-
channels, some parameters, such as the Reynolds num-
ber, heat transfer coefficient, the Nusselt number are
difficult to obtain with high accuracy. The channel hydrau-
lic diameter measurement error may play very important
part in the uncertainty of the friction factor [60]. The anal-
ysis carried out by Hetsroni et al. [78] for micro-tube re-
veals the following values of standard uncertainties:
infrared measurements- systematic error 0.1 K, random
error 0.2 K; thermocouples-systematic error 0.1 K, ran-
dom error 0.15 K; temperature acquisition system- sys-
tematic error 0.1 K, random error 0.16 K. The 95%
confidence uncertainty of the heat transfer coefficient
was 13.2%. The uncertainty must be taken into account
by presentation of experimental data and by comparison
between experiments and theoretical predictions.
6. Conclusions

Heat transfer in micro-channels occurs under condi-
tions of strong superposition of hydrodynamic and ther-
mal effects, determining the main characteristics of this
process. The experimental study of the heat transfer is
a complex problem because of the small sizes of such
channels. It makes difficult direct diagnostic of tempera-
ture field in fluid flow and in solid wall. The certain
information on mechanisms of this phenomenon can
be obtained by analysis of the data of experiments, in
particular, by comparison of data of measurements with
predictions that are based on several models of heat
transfer in circular, rectangular and trapezoidal micro-
channels. This approach makes it possible to estimate
the applicability of the conventional theory, and the cor-
rectness of several hypotheses related to the mechanism
of heat transfer. It is possible to reveal the effects of: the
Reynolds number, axial conduction, energy dissipation,
heat losses to the environment, etc. on the heat transfer.

The theoretical models used for this purpose can be
conditionally subdivided in two groups depending on
the degree of correctness of the assumptions. The first of
these groups includes the simplest one-dimensional mod-
els assuming uniform heat flux, constant heat transfer
coefficient, etc. The comparison of these models with
experiment shows significant discrepancy between the
measurements and the theoretical predictions. Using
some ‘‘new effects’’, which are not described by conven-
tional Navier–Stokes and energy equations, the simple
models may explain experimental results. The second
group is based on numerical solution of full Navier–
Stokes and energy equations, which account for the real
geometry of the micro-channel, axial conduction in the
fluid and wall, energy dissipation, non adiabatic thermal
boundary condition at the inlet andoutlet of the heat sink,
dependence of physical properties of fluid on tempera-
ture, etc. These models demonstrate a fairly well correla-
tion with data of available experimental data. As a rule,
the numerical calculations using simple models were per-
formed for the following hydraulic boundary conditions:

(1) a uniform velocity profile was set at the channel
inlet

(2) the flow was assumed to be fully developed at the
test section

(3) all the fluid properties are constant.

The thermal boundary conditions were set as follows:

(1) constant heat flux at the walls
(2) adiabatic conditions at the inlet and outlet.

These boundary conditions are not in agreement with
experiments forwhich the ‘‘new effects’’ were assumed.As
a result, the authors concluded that conventional Navier–
Stokes and energy equations are not valid and only ‘‘new
effects’’ can explain the experimental data. The numerical
solutions based on Navier–Stokes and energy equations
and taken proper account of boundary conditions dem-
onstrate a fairly good agreement with available experi-
mental data. The results can be generalized as follows:

1. The effect of energy dissipation on heat transfer in
micro-channels is negligible under typical flow
conditions.
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2. Axial conduction in the fluid and wall affects signifi-
cantly the heat transfer in micro-channels. At laminar
flow two heat transfer regimes may be considered.
The first of them takes place at Re > 150 and the
axial conduction number is less than M = 0.01.
Under this condition the heat transferred through
the solid substrate may be neglected and adiabatic
boundary conditions may be imposed at the inlet
and at the outlet manifolds to solve conjugated
three-dimensional heat transfer problem. The second
one occurs at Re < 150, M > 0.01. In this case the
heat transferred through the solid substrate should
be taken into account.

3. The following considerations must be taken into
account in the evaluation of any experimental results:
(i) The experimental results based on the measure-

ments of the fluid temperature only at the inlet
and the outlet manifolds of the heat sink may
lead to incorrect values of the Nusselt number.

(ii) Since it is difficult to measure the local heat flux
at the inner channel wall, the definition of the
heat transfer coefficient is very important and will
strongly influence the heat transfer coefficient.
4. Accurate estimation of the heat transferred through
the solid substrate in experiments should be obtained
from energy balance that include electric power (sim-
ulating the electronic components on the top or bot-
tom wall of the heat sink), convective heat to the fluid
(based on fluid mass flow rate and bulk fluid temper-
ature measured at the inlet and outlet manifolds) and
heat losses.

5. The experimental heat transfer coefficient calculated
numerically using exact model with regard to the heat
transferred through the solid substrate represents the
correct variation of the Nusselt number with respect
to the Reynolds number.

6. The thermal entry length should be considered by com-
parison between experimental and numerical results.
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